
Statistical calculations used to generate test results

This topic describes the statistical calculations Method Validation Manager uses to generate validation results for all validation tests. 
Calculations that are specific to individual validation tests are listed in the individual test results topic.

Sample statistics

Method Validation Manager uses sample statistics in all validation tests. Examples are the Retention Time, X Value, Y Value, and Assessed 
Field results in the Summary and Results tables. 

Mean formula

The sample mean of a collection of values is its average, computed as the sum of the values divided by the number of values in the sum.

where X  = the i-th value in the collection

n = the number of values in the collection.

If sample points are weighted, the normalized weighting factor (w ) will have the following constraint:

where Xi = the i-th value in the collection, and n is the number of values in the collection

w  = the normalized weighting factor

In the following formulas, uniform weighting (un-weighted) is a special case where w  is 1. For weighted sample points, the sample mean is 

calculated as weighted average:

where X  = the i-th value in the collection, and n is the number of values in the collection

w  = the normalized weighting factor

Standard deviation formula

The sample standard deviation is the square root of the sample variance.

where s = the sample variance 

s  = the standard deviation

Percent relative standard deviation 

The percent relative standard deviation (% RSD), also known as the coefficient of Variation is calculated as follows:
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where  = the mean value

s  = the standard deviation

Mean standard error

The mean standard error ( ) is calculated as follows:

where s  = the standard deviation 

n = the number of values in the collection

Normal distribution for the true mean formula

If the values in the collection belong to a single normal distribution, the true mean (µ) is likely to be within the following range (from
sample mean):

where CI = the confidence interval of the mean, calculated from Students t-distribution for n-1 degree-of-freedom at significance 
(for 1- confidence level). 

The confidence interval for mean formula is calculated as follows:

where t = t-Ratio

s  = the standard deviation 

n = the number of values in the collection

Therefore, the lower confidence limit and upper confidence limit are defined as:

Skewness is also calculated to characterize the degree of asymmetry of the distribution around the sample mean:

Linear regression in the Linearity test and the general linear model

The linear regression in the Linearity test calculates more curve statistics than the base Empower calibration curve.
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See also: Empower Software Data Acquisition and Processing Theory Guide for calculation information for the following Linearity test

results: R, R , slope, and y intercept.

The linear regression is a special case of the general linear model (GLM). In a general linear model, the assessed Y variable is a linear 
function of all the model X variables (X , X , &, X ) and is modeled by the following:

where m = the number of X variables

Y  = value of assessed Y variable at i-th point of total n points 

X , X , &, X  = the values of X variables at the i-th point

β , β , &, β  = the coefficients for model X variables

β  = the intercept of the linear function

The residual εi represents the random error in the model. The linear equation can also be expressed in the following matrix notation:

where β = m+1 dimension vector

X = n by (m+1) matrix with 1st column value for all the rows equal to 1. 

Tip: The first element of vector β is the offset β . 

As a part of the model, expected value of random error is zero E(ε)=0. Thus, the expected value of Y is:

The least squares solution (which minimizing εTε) to above model is:

Which is the estimate (^) of coefficient β due to E(b)=β:

W is a n by n diagonal matrix with i-th diagonal element representing the normalized weighting factor for i-th data point w . The weighting 

matrix is an identity matrix for uniform weighted data.

The estimate of variance of error is calculated from sum-squares:

or
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Where the numerator is the sum-squares of error, and the denominator is the degree-of-freedom of error. The variance of j-th coefficient 
can be thus estimated as:

Where c is the following covariance matrix:

The square-root of above variance is the standard error of j-th coefficient.

R calculation

The calculation of the R  is based on a comparison of the residual sum of the squares to the total sum of squares which is ordinarily the 

sum of the sum of squares about the regression and the residual sum of squares. When R  approaches 1, the regression model accounts for 
most of the variance of the calibration data, that is, the residual sum of squares is small compared to the mean sum of squares. These 
quantities are defined as follows:

Residual sum of squares:

SS  =  sum(Yi - Yregest)

where SSresid = Residual sum of squares 

Yi = the observed instrument response

Yreg est = the value of the regression line at Y (SS  is the quantity that the regression seeks to minimize.)

Sum of squares about regression:

SS  = sum(Yreg est - averageY)

where SSreg = Sum of squares about regression 

Yreg est = the value of the regression line at Y (It is the quantity that the regression seeks to minimize.)

averageY = the simple average of the observed instrument responses

Mean sum of squares:

SS  = sum(Yi- averageY)  = SS - SS

where SSreg = Sum of squares about regression 

Yreg est = the value of the regression line at Y (It is the quantity that the regression seeks to minimize.)

There are two equivalent ways of calculating R , as follows:

R :

R = 1 - (SS  / SS  ) = (SS  / (SS  +  SS  )

Ordinarily, SSresid is smaller than SS  and R  is well behaved. When the calibration is linear forced through zero (Y = a *X) it is
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possible for SS  to be much larger than SS  when the range of Y values is small. In such cases, R2  is poorly defined, and values for 

R and R will not be reported.

Additionally, when the range of Y values and the range of calibration values (X's) is small, the calibration data is poorly distributed to 
provide robust estimate of the slope of the calibration curve. Consequently, SS  is highly dependent upon the specific manner in which 

the ANOVA calculations are performed. The Total and Error SS, MS, and DF (degrees of freedom) and the p-value regression ANOVA 
statistics are not reported when a linear forced through zero curve fit is used for the Linearity test because it is possible for SS  >> 

SS  when the range of X and Y values is small. 

General linear model and Analysis of Variance (ANOVA) calculations

Method Validation Manager also uses the general linear model (GLM) to calculate the ANOVA results. For ANOVA calculations, the X 
variables are nominal or categorical types, which are also called factors or effects. Thus, a coding system is introduced to the model. If j-th 
X variable X  has lj levels (groups), then lj indicators (X  with k = 1 & lj) are used as follows:

if i-th point of j-th X variable is at k-th level

X  = 1 

otherwise

X  = 0 

The above coding is called an over-parameterized model. The model Y equation becomes the following:

In over-parameterized model, the matrix (X WX) becomes singular. Adding the following constraint to the model solves the singularity 
problem:

With above constraint, the last indicator can be removed from the over-parameterized model, and only l  indicators (X  with k = 1 & l -

1) are used in the design matrix for the j-th variable X  as follows:

if i-th point of j-th X variable is at k-th level

X  = 1 

if i-th point of j-th X variable is at l -th level (last level)

X  = -1

otherwise
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X  = 0 

The above coding is called a sigma-restricted model. For a balanced design, the sigma-restricted model is as follows:

For an unbalanced design, the above summation does not equal 0, but the same coding is still used to reduce the parameters. With a 

sigma-restricted model, the matrix (X WX) is no longer singular, thus the least square solution can be obtained as it is for the for linear 
regression described in previously. Once the sigma-restricted parameters are found, the omitted parameters in over-parameterized model 
can be calculated from parameters in the sigma-restricted model using constraints.

To calculate the interaction of nominal variables, the number of levels of the interaction is the combination of all the levels of the interacting 
variables. In a sigma-restricted model, the number of indicators for the interactions is further reduced to the combination of all the sigma-
restricted model parameters of the interacting variables.

Variance calculation of the sum of squares and the mean-square

The sum of squares (SS) and mean-square (MS) of variables are a part of the variance component calculation for hypotheses tests on 
individual variables. For each linear model fit, residual (error) sum of squares (RSS) is calculated as follows:

In the above equation, X variables can be either in an over-parameterized model or a sigma-restricted model. Also note that in the above 
matrix notation, the first term in Xb is the intercept, the constant term. Adding an X variable to the model generally reduces the residual 
sum of squares. Therefore, the sum of squares of an X variable is calculated as the reduction in RSS after adding the variable to the model. 

The following equation defines the Total Sum of Squares as the RSS without any variables:

Note that the X b  is the intercept, since X  is unity. The b  is also the weighted grand total mean of Y. Therefore, TSS can be partitioned 

into the residual (error) sum of squares and sums of sum of squares of all X variables (factors), which is the (total) Model SS:

Total SS = Error SS + Model SS

By this definition, Total SS is significantly different when there is no intercept in the model (linear-through-zero fit) or the intercept is a 
fixed parameter. Since the X b   is not fitted, it is no longer the grand total mean of Y. Note that if intercept is zero, Total SS becomes:

TSS = Y  * W * Y

Tip: The total sum of squares in an Empower calibration curve that uses a fit through-zero does not use the above definition, so it produces 

a different R  value. In this case, Empower does not report values for R , Total SS, and Model SS.

There are many types of sums of squares definitions, of which the most common ones are Type I and Type III. The calculation used by 
Method Validation Manager will default to Type III, just like in the JMP application (from SAS Institute) and other popular commercial 
software applications. Type I SS involves a sequential partitioning of the whole model sums of squares (with all variables). Variables are 
added one-by-one to the model, and the reduction in RSS is the sum of squares of the variable. Therefore, the SS of variables depends on 
the order in which the variables are added. The SS of j-th variable X  is defined as follows:

Type I SS  = (RSS with X  to X ) - (RSS with X  to X )

Type I SS is usually not appropriate for testing the hypothesis for factorial ANOVA with an unbalanced design. Type III SS however tests the 
same hypothesis that would be tested as if the design were balanced, provided that there is at least one point (observation) in each level. It 
is computed as follows:

Type III SS  = (RSS without X ) - (RSS with all X)

Note that the whole model may contain higher order interactions, as long as X  is orthogonal to the rest of the variables in the model. Type 
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III SS is non-sequential, independent to the order that a variable is added. Also note that RSS with all X is the Residual (Error) Sum of
Squares of the whole model.

Once the SS is computed, the mean-square can be calculated by dividing the SS by the degree-of-freedom (DF). The DF of a variable is the 
number of parameters of the variable in a sigma-restricted model:

MS = SS / DF

The Fisher test can be performed on the ratio of MS (of whole model or individual X) to the Error MS.

F  = MS / Error MS

The F ratio can be compared to the reference value for hypothesis test (of insignificance) of the model or a variable, which is calculated
using inverse Fisher function:

F = F (,v ,v )

Where α is a user-specified significance, v1 and v2 are the DF of the MS and Error MS, respectively. The criterion for the hypothesis of 
insignificance (of insignificance) of the model or a variable is thus:

F  < F

A p-Value can also be calculated from Fisher Function for equivalent hypothesis test:

p = F(F ,v ,v )

Variance component calculation with the expected mean-square (EMS) method

The expected mean-square (EMS) method, also called method of moments, is used to calculated variance components for random variables. 
The JMP application (from SAS Institute) refers to it as traditional. The method calculates the SS and MS of all the variables just like fixed 
factors. Then it sets the expected value of MS of all random variables to the calculated MS to obtain a system of equations to solve the 
variance components of random variables:

E(MS) = MS

Note that total m + 1 equations can be obtained, one for the residual (error), m is the number of random variables (factors) in the model.

See also: The calculation is implemented based on the following references:

1. SAS Technical Report R-102 

2. Statistical Principles in Experimental Design (3rd Edition), B. J. Winer et, al., McGraw Hill Inc., 1991 

The least-square solution described in the General Linear Model section can also be expressed as follows:

Thus, RSS can be expressed as follows:

Above matrix expression is a symmetric quadratic form, where:

If there are random variables in the ANOVA model, the model can be expressed as follows:
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Note that in the above matrix expression, x b  are the model all fixed variables (not just intercept), x b  are the model of random variables, 

and  is the random residual. If X  is the normal of s  and  is normal of s , the expected value of RSS is thus:

See also: SAS Technical Report R-102 for theorem listed above.

Tr is the trace of matrix. The first equation can be obtained from residual sums of squares, which is calculated from whole model (with all X 
variables):

In the above equation, the design matrix X contains all X variables, and d is correspondent to the whole model solution b = dY as defined
above. Set the expected value to the calculated residual sums of squares SSE, and apply the theorem:

The above equation can be easily turned into the following matrix expression:

In above equation, M , M  and C  are calculated as follows:

The rest of the m equations can be obtained from sums of squares of the m random factors. As described in the previous section, the Factor 
SS are calculated from the difference of two SSs, depending on the SS Type of the model. But in general form, SS  can always be expressed 

as follows:

The X' and X" are the design matrix with and without j-th factor, respectively, and b' and b" are the correspondent solutions under design X' 
and X". Thus above equation can be turned into following quadratic equation:

Therefore, the quadratic form Q for j-th factor is contributed from another two quadratic terms. Set the expected value to the calculated
residual sums of squares of j-th factor SS , and apply the theorem:
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And again, turn it into matrix notation as follows:

In above equation, M , M  and C  are calculated as follows:

Combine the 1 + m equations together, the system of equations can be expressed in matrix notation as follows:

Note that s  and s  are the unknowns in the equation. Dividing each row in the above matrix equation by the DF of the error on the 

random variables, the following equation can be obtained:

Where M is a non-singular square matrix, and C is a vector. The first element in Mean Square vector MSE is Error MS. The variance 

components of all random variables s  and error variance component s  can be solved from above equation.

The % variance component is calculated as follows:

The variance component standard deviation (SD) is calculated as follows:

The variance component % relative standard deviation, also known as the Coefficient of Variation (CV) is calculated as follows:
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where SD = standard deviation

Additional confidence limit calculation in the ANOVA table

This section describes the calculation of additional confidence limit fields in the ANOVA table for variance analysis of random factor(s) that 
appear in the Intermediate Precision, Intermediate Precision DOE, Reproducibility, Stability, and Robustness tests: 

 Variance Component DF 

 Variance Component SD LCL 

 Variance Component SD UCL 

 Variance Component % RSD LCL 

 Variance Component % RSD UCL 

The calculation of the expected mean square (EMS) is previously described above. Therefore, the equation to solve for the variance 
component is:

where MS = vector of mean square (Error MS and Model MS for a one-way ANOVA)

M' = expected mean square coefficient matrix

 s  = vector of variance components (of error and model for a one-way ANOVA)

Thus, variance components can be solved from:

Note that, in the above notation, the first element in the variance component vector s  is the variance component of error, and the first

element in mean-square vector MS  is the mean-square of error (MSE).

If the variance component s  is calculated and valid (non negative s  ≥ 0), its confidence limits are calculated as described next. 

Note that each variance component in s  is a linear combination of independent variances in MS. Therefore, the effective degree-of-freedom 
of i-th variance component can be calculated from Satterthwaite’s formula:

In the above formula, dF  is the degree-of-freedom of j-th mean-square MS , and (M' )  is the element of i-row and j-th column of inverse 

matrix of M'. With the degree-of-freedom, above, the LCL (lower confidence limit) and UCL (upper confidence limit) of a variance 
component can be calculated from:
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In the above formula, x  is the inverse chi-square distribution (which is the same value as the CHIINV function in Microsoft Excel). The 
effective degree-of-freedom df  is reported as a floating point number (double), but it is rounded with only one decimal place to avoid a 

roundoff error in the chi&#45;square test. It is further rounded down to an integer in the above confidence limit calculation because the
chi&#45;square test function takes only integers for the degree-of-freedom.

Also note that the chi&#45;square test is valid for only df ≥ 1. Therefore, if the effective degree-of-freedom of a variance component is
smaller than 1, its confidence limits are not calculated, although the effective degree-of-freedom itself is still reported. In fact, the valid 
range of the effective degree-of-freedom is calculated from the smallest individual dF of the random variables to the Total dF. If the 
effective degree-of-freedom of a component is less than the smallest individual dF of the random variables, the confidence limits calculation
for this variance component can become invalid or indicate an invalid model. But Empower software does not clear the confidence limit 
calculation, even if the df is out of the valid range, as long as the confidence limits can be calculated.

The LCL and UCL of the Variance Component SD are calculated as follows:

The LCL and UCL of the Variance Component %RSD are calculated as follows:

where  is the mean of the assessed field.

If a variance is a linear combination of any variance components, it is calculated as follows:

Then it is also a linear combination of independent variances in the mean-square (MS), but with a different transformation:

where a new transformation a' is calculated:

or its i-th element can be written as follows:

Therefore, applying Satterthwaite’s formula, its effective degree-of-freedom becomes:

2

i
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This effective degree-of-freedom can be then used in the confidence limits calculation as shown earlier.

The above formula can be applied to both model variance component (that is sum of all variance components except error) and total 
variance component (that is sum of all variance components) as follows:

In the one-way ANOVA case:

Note that there are only two elements in the mean-square (MS); one is the error mean-square MSE (intra-group), and the other is the 
model mean-square MST (inter-group). 

The following similar fields are added to the Supportable Estimation Table for the Intermediate Precision test results:

 Total DF 

 Total SD LCL/UCL 

 Total % RSD LCL/UCL

Note that the Total SD field in the Supportable Estimation Table is calculated slightly differently from above:

where n is number of replicates in each experiment 

The rest of the calculation is similar to the Total Variance Component field reported in the ANOVA Table. The Expected Mean-Square Matrix 
is as follows in this one-way ANOVA case:

The inverse of the matrix is calculated as follows:

In the matrix, p is calculated as follows:
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where N = total number of data points

k = number of groups

n  = number of data points in the j-th group

See also: The calculations in this section are based on the following references:

1. Snedecor, G.W., and Cochran, W.G., Statistical Methods, 7th Edition, The Iowa State University Press, 1980, p. 97. 

2. NIST http://www.itl.nist.gov/div898/handbook/mpc/section5/mpc571.htm

Outlier testing

Method Validation Manager performs the Cochran and Grubbs tests to determine statistical outliers. For validation tests that include outlier 
testing, Method Validation Manager performs the Cochran test whenever there are two or more groups present. If you have set acceptance 
criteria on the Variance Cochran test or the Variance Cochran Test p-value field, and either field is faulted, Method Validation Manager 
performs the Grubbs test. 

The Variance Cochran Test value is calculated as follows:

Largest group variance / Sum of group variances

If a Variance Cochran test value is faulted, Method Validation Manager displays a fault in the group with the largest variance in the 
associated Summary table, with the processing code MV24. The Grubbs test then further determines whether the non-homogeneity is 
caused by an outlier in that group. Within the group with the largest variance, the data point with the maximum "response deviation" is 
used for the Grubbs test value.

The Variance Grubbs test value is then calculated as follows:

where Y = the response of the data points in the group

Y = the group mean of the response

SD = standard deviation of the response

Rule: The term "response" represents whatever you select as the assessed value for the ANOVA calculations.

If you have set acceptance criteria on any of the Grubbs test fields and a Grubbs field is faulted, the fault is displayed in the Data table for 
the data point with the maximum "response" deviation, with the processing code MV25.

The Grubbs test requires a minimum of three data points in the group. All three Grubbs fields are not calculated if the group contains fewer 
than three data points.

Tip : If you have a Linearity test configured to use data processed with a processing method that has the Average By field set to something 
other than None (that is, averaging occurs), the average points in the Summary table are fitted for the linearity curve. In this case, Method 
Validation Manager uses each group (average point) as a single point in the calculation, therefore, variance outlier testing is not done since 
the group does not contain any replicates.

Outlier testing results fields:

Variance Cochran Test Cochran test value for variance homogeneity, calculated as follows: 

Field Name Formula

j
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Assessed Field SD and %RSD Confidence Limits

All of the calculations for the confidence limits are based on the variance component effective degrees of freedom. If the Variance 
Component DF is small (less than the smallest degree of freedom of a variance factor), then the calculated confidence limits can be 
unreliable. If the Variance Component DF is less than 1, then the confidence limits cannot be calculated.

Variance component confidence limit fields:

Variance Cochran test = Largest group variance / Sum of group variances

Variance Cochran Test Ref Reference value of the Cochran test for variance homogeneity calculated at a given 
significance.

Variance Cochran Test p-Value p-value of the Cochran test for variance homogeneity.

The null hypothesis is that the variance is homogeneous. The null hypothesis is rejected 
at the significance if p-Value is < Significance, or Variance Cochran test is > Variance 
Cochran test Ref.

Variance Grubbs Test Value of the Grubbs test for outliers.

Variance Grubbs Test Ref Reference value of the Grubbs test for the outliers calculated at then significance.

Variance Grubbs Test p-Value p-Value of the Grubbs Test for outliers 

The null hypothesis is that there are no outliers in the group with maximum variance. The 
null hypothesis is rejected at the significance if p-Value is < Significance, or Variance 
Grubbs test is > Variance Grubbs test Ref.

Field Name Formula

Variance Component DF The effective degree-of-freedom of the variance component.

DFVarComp should not be less than 1.

Tip: The value is rounded to one decimal place.

Variance Component SD LCL Lower Confidence Limit of Variance Component SD is:

where CHIINV is the inverse chi-square distribution and

α is the significance level.

Variance Component SD UCL Upper Confidence Limit of Variance Component SD is:

where CHIINV is the inverse chi-square distribution and

α is the significance level.

Variance Component %RSD LCL Lower Confidence Limit of Variance Component %RSD is:

Name Description
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Tips:

 For the IP and IP DOE tests, the LCL and UCL values for Intermediate Precision SD and %RSD are reported in the row of the ANOVA 
table where Source = Total and the Description field is set to Intermediate Precision; the LCL and UCL values for Repeatability SD 
and %RSD are reported in the row of the ANOVA table where Source = Error and the Description field is set to Repeatability. 

 The values for the SD and %RSD in the Source = "Error" row of the ANOVA tables are also known as the Pooled SD and the Pooled 
%RSD. 
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Common test results

Viewing validation results

Variance Component %RSD UCL Upper Confidence Limit of Variance Component %RSD is:

Name Description
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